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We show numerical experiments of driven billiards using special relativity. We have the remarkable fact
that for the relativistic driven circular and annular concentric billiards, depending on initial conditions
and parameters, we observe Fermi Acceleration, absent in the Newtonian case. The velocity for these
cases tends to the speed of light very quickly. We ﬁnd that for the annular eccentric billiard the initial
velocity grows for a much longer time than the concentric annular billiard until it asymptotically reach c.
© 2011 Elsevier B.V. Open access under the Elsevier OA license.1. Introduction
Billiards [1] are widespread in areas such as statistical physics
and dynamical systems. The billiard boundary can be tailored in a
rather simple way in order that the motion of the particles it con-
ﬁnes displays regular, chaotic or mixed dynamics. In recent years
there has been some interest in a natural generalization: driven
billiards [2–5]. The boundaries are moving heavy walls that can
speed up or slow down the velocity of the particle in the colli-
sion.
Driven billiards are time-dependent Hamiltonian systems gov-
erned by a 4D map. The high dimensionality of the phase space
does not allow the use of well-known tools to study orbits as
Poincaré surfaces of section. However they are one of the simpler
four-dimensional dynamical systems that can be studied without a
considerable amount of CPU time.
One of the main topics considered for this kind of system is the
existence (or lack of) Fermi Acceleration (FA): unbounded gain of
energy by the particle in time dependent potentials. See, for in-
stance, Fermi’s original work, [6], where he tried to explain the
origin of high energy cosmic rays by successive collisions of the
particles with time dependent magnetic ﬁelds, and [7] for the
Fermi–Ulam model, a mechanical model suited for the study of
FA, where a particle is kept conﬁned between two moving heavy
walls in a 1D motion, being elastic reﬂected on collisions. Con-
trary to expectations, for smooth wall movement, the Fermi–Ulam
model does not show unbounded gain of energy.
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Open access under the Elsevier OA license.The basic idea for the existence of FA is that while in an iso-
lated collision energy can be gained or lost, for some kinds of
(time-dependent) boundaries, the averaged behavior in a long time
evolution is an ever increasing gain of energy.
Early numerical experiments suggested that the suﬃcient con-
dition for FA is that the original billiard, whose boundaries are
later made time dependent, should be chaotic (or mixed) [4], while
originally integrable billiards should not have FA. Many examples
conﬁrmed this conjecture. We can mention that the stadium [5]
and the non-concentric annular [2] billiards, both chaotic in the
static case, display FA, while there is no FA in the concentric an-
nular billiard that has a (static) regular dynamic. For the circular
billiard, under some general conditions concerning the smoothness
of the motion of the boundary, Fermi Acceleration is proved to be
absent [8]. Recently, this picture turned out to be not so simple,
as the elliptical driven billiard, whose static counterpart is regular,
shows FA [3]. The necessary conditions for Fermi Acceleration, as
far as we know, are still a open question.
In this Letter we consider the problem of FA in some billiards
with the motion of the particles governed by the dynamics of spe-
cial relativity, instead of the usual Newtonian dynamics. In the
relativistic dynamics we have a natural velocity cutoff embedded
in the momentum change formula, the particles cannot exceed the
speed of light c, making the usual concept of FA unclear in this
context.
Some relativistic generalizations of these systems have already
appeared in the literature. In the generalization of the Fermi–Ulam
model studied in [10] and [11], contrary to the non-relativistic
case, we have that, under some conditions, energy can tend to in-
ﬁnity (the velocity tends to the speed of light). We shall comeback
to this point later.
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generalized billiards studied by Deryabin and Pustylnikov [12–14].
A relativistic generalized billiard consist in a domain Γ with wall
∂Γ and a function f (γ , t), where γ is a point in ∂Γ and t is the
time. When the particle hits the wall at point γ ∗ at time t∗, it
is reﬂected as if it were hit by a heavy wall with velocity ∂ f (γ ,t)
∂t
moving in the direction of the inward normal at γ ∗. The collision
is treated using the theory of special relativity. If f does not de-
pends upon time, we have an ordinary billiard.
The generalized billiards studied by Deryabin and Pustylnikov
[12–14] are different from ours. In their work, the billiard’s walls
remain static. In the collision, the momentum to the particle is
transferred as if the walls were moving (but the collision takes
place at a static wall). This is the same simpliﬁcation usually
applied to the Fermi–Ulam model [7], avoiding the necessity of
solving transcendental equations. The second difference is that the
authors analyze a monotone case, where ∂ f (γ ,t)
∂t > 0.
They analyze a special case with periodic moving walls, a paral-
lelepiped where the upper and lower sides are moving periodically
with positions given by the equations f1(t) and f2(t). The particles
reﬂect in the upper and lower sides according to the generalized
reﬂection law described above. On the other sides, it is reﬂected
according to the classical elastic case. We believe that, although
interesting, this hybrid billiard is different enough from our work.
We stress that in our simulations we take the walls movement
into account and its velocity can be positive or negative, depending
on the time of collision.
In particular, we study a special relativistic version of the circu-
lar (integrable), the concentric annular (integrable) and eccentric
annular (chaotic) billiards. Our study of the annular billiards can
be considered an extension of [2]. We ﬁnd that the circular and
concentric annular billiards, contrary to the Newtonian case, show
FA depending on initial conditions and parameters. The relativistic
eccentric annular billiard also shows FA.
2. Billiard dynamics
A classical static billiard consist of a region Ω of the plane
bounded by a curve ∂Ω and a point particle that is conﬁned inside.
The particle moves freely in Ω , until it collides with the boundary,
being then elastic reﬂect. The normal component of the velocity
(with respect to the point of impact with ∂Ω) changes sign while
the tangential component is not altered. After collision, the parti-
cle continues its trajectory in straight line, always in the interior of
the region Ω .
The dynamics of a static billiard can be analyzed by a map
that goes from bounce to bounce. For this purpose, it is used the
Birkhoff coordinates (s, p), where s is the length of the portion
of ∂Ω (measured from an initial point) where the collision takes
place, and p is the component of the velocity in the direction of
the tangent. Sometimes, it is convenient to replace the variable s
by an angle. The boundary ∂Ω is speciﬁed by a curve F (x, y) = 0.
If it is given the initial coordinates (x0, y0) ∈ ∂Ω and the ini-
tial velocity v = (vx, v y), the next point of collision is given by
(x0 + vxt, y0 + v yt), where t = 0 is the smallest (real) root of the
equation F (x0 + vxt, y0 + v yt) = 0. See for instance [9] for the ap-
plication of these concepts to the cardioid billiard.
For a driven billiard, the boundary ∂Ω is now also a oscillatory
function of time, F (x, y, t) = 0. The next point of the collision still
will be given by F (x0 + vxt, y0 + v yt, t) = 0, but now it is a more
diﬃcult task to solve this equation and, probably, it will demand a
sophisticate root ﬁnding algorithm that makes the whole process
computationally expensive.
There are two more variables in order to fully specify the dy-
namic of a driven billiard. The velocity after collision, vn , as it hasFig. 1. Description of the different variables used to describe the dynamics of a
driven circular billiard.
not anymore a conserved modulus, and the time between colli-
sions, tn . These variables are depicted in Fig. 1 for the circular
billiard. The particle starts at time tn−1 at the point A with ve-
locity vn−1 that makes an angle αn−1 with the inward normal. It
moves in straight line until it hits again the boundary that, in this
example, is shrinking, at point B at a later time tn . After collision,
it has a velocity vn that makes an angle αn with the inward nor-
mal. It moves in straight line until hit again the boundary, where
these steps are repeated.
Now, we shall study driven billiard using special relativity. The
ﬁrst step is to derive the equation for the momentum change in
the collision of a particle of mass m and a heavy wall. We start
with the relativistic momentum transfer in a 1D collision that can
be derived using momentum conservation and Lorentz transfor-
mations, [15] and [16]. Then we extend the derivation to the 2D
case.
After a 1D collision between a particle of mass m1, with initial
velocity u, and another particle of mass m2, at rest, we ﬁnd that




m21 +m22 + 2m1m2/γ (u)
u, (1)
where γ (u) = 1/√1− (u/c)2 is the Lorentz factor for the body
m1, and c is the speed of light. From Eq. (1) we see that in the
limit m2  m1, the relativistic and the Newtonian results con-
verge to the same value, u′ = −u. The particle simply bounces
back.
The more general case, where also m2 moves (with velocity w)
can be obtained from (1) by means of a Lorentz transformation.
First we consider a reference frame S0 where both masses are
moving and in which we wish to obtain the velocity of m1 after
the collision. We change to the reference frame S , where m2 is at
rest (S moves with velocity w with respect to S0). In S , the initial
velocity of m1 is,
uS = u − w
1− uw/c2 . (2)
By using Eq. (1) for the collision with a body at rest and (2), we
get the ﬁnal velocity in the frame S ,
u′S =
m21 −m22
m2 +m2 + 2m m /γ (u )uS . (3)1 2 1 2 S
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expression back to S0 and keeping the above mentioned limit we
have,
u′ = −u + 2w − u(w/c)
2
1− 2uw/c2 − (w/c)2 , (4)
which yields the Newtonian result when w/c  1.
Now we consider the 2D case. Suppose that the mass m1 col-
lides with a static wall of mass m2. For ease of calculation, we
suppose that the mass m1 is a disk. Later we can take the limit of
its radius going to zero to obtain a point particle. During the col-
lision, momentum is transferred only in the direction of the line
joining the center of the disk to the point of impact with the wall.
By decomposing the initial velocity, u, in components tangential
(u‖) and normal (u⊥) to the wall in the point of contact, we can
use the 1D result to obtain the post collision velocities,
u′⊥ =
m21 −m22
m21 +m22 + 2m1m2/γ (u)
u⊥,
u′‖ = u‖. (5)
Taking the limit m2  m1 we obtain the same result as in the
Newtonian regime, except by the fact that u < c to respect one
of the principles of Relativity. Therefore we have that for particles
that move with speed less than c, the dynamics of a bounce with
static walls is the same for Newtonian and relativistic dynamics
(and this implies that the dynamics of static billiards is the same
in Newtonian and special relativistic mechanics).
Finally, we shall consider the case where particle and wall are
moving, the particle m1 with velocity u = (ux,uy) and the wall,
initially with mass m2, with velocity w = (wx,wy). We make the
assumption that w is in the normal direction with the collision, as
the another component would be unaltered. We make a rotation
to set w parallel to the x axis. In this frame, w = (w,0), where
w = | w|.
In this way, the components of u are (u⊥,u‖), as deﬁned above.
Now, we make a Lorentz transformation to a reference frame S
where w = 0. Hence the components of u transform to,




1− wu⊥/c2 u‖. (6)
The post collision velocities are obtained from Eq. (5),
u′⊥ S =
m21 −m22
m21 +m22 + 2m1m2/γ (u)
u⊥ S ,
u′‖ S = u‖ S . (7)
By taking the heavy wall limit, m2  m1, and going back to the
initial reference frame we ﬁnd,
u′⊥ =
−u⊥ + 2w‖ − u⊥(w‖/c)2
1− 2wu⊥/c2 + (w‖/c)2 ,
u′‖ =
u‖(1− (w‖/c)2)
1− 2wu⊥/c2 + (w‖/c)2 , (8)
where w‖ is the parallel component of the velocity of the wall to
the normal at the collision point. These two equations determine
the momentum change for a relativistic collision, and they will be
used in the rest of the Letter. For simplicity, from now on we set
c = 1.Fig. 2. Averaged velocity as a function of the collision number for a relativistic cir-
cular billiard with R0 = ω = 1. The parameters for the upper and lower curves are
 = v0 = 0.05 and  = v0 = 0.01, respectively.
Fig. 3. The velocity as a function of the collision number from a single run for the
relativistic circular billiard with R0 = 1, ω = 3, v0 = 0.01 and  = 0.1. Initial condi-
tions are θ0 = α0 = 0, t0 = 0 (full line) and θ0 = 0, α0 = 0.3, t0 = 0 (dashed line).
3. Numerical experiments
Before we show our numerical results, we would like to com-
ment on the Relativistic Fermi–Ulam model (RFU), [10] and [11].
The RFU consists in a particle of mass m conﬁned between two
heavy walls, the upper one with position f2(t) and the lower one
with position f1(t), both moving with speed less than 1 (the speed
of light), f˙ i(t) < 1 for i = 1,2. The particle moves freely between
the walls, being elastic reﬂect on collision. The law of reﬂection
is obtained from the theory of Special Relativity. It is shown that,
contrary to the Newtonian case, energy can grow unbounded (ve-
locity can asymptotically reach 1). Suppose there exists t0 such
that [11]:
f2(t0) − f1(t0) = q,
k0 = E (1+ f˙1(t0))(1− f˙2(t0))
(1− f˙1(t0))(1+ f˙2(t0))
> 1, (9)
where q is an integer and E is the initial energy. Then there are
δ0 and E0 such that if E > E0 and |t − t0| < δ0, t being the ini-
tial time, the trajectory is such that En → ∞ as n, the number of
collisions, tends to inﬁnity. Also, En > C Ekn0, where C is a constant
independent of t , E or n.
Considering only diametrically orbits (orbits with α = 0), the
conditions (9) apply to the circular case (note that for the circu-
lar billiard we have f1(t) = f2(t) = R(t), with R(t) the radius of
the billiard). Also, for the circular billiard that we will study, with
its radius as a function of time as in (10), the second condition
of (9) is satisﬁed for any combination of parameters. This implies
that at least there is one family of orbits (those with α = 0) with
unbounded gain of energy for the relativistic circular billiard.
3276 R.S. Pinto, P.S. Letelier / Physics Letters A 375 (2011) 3273–3278Fig. 4. Slice of the phase space in the variables t (mod 2π), the time of collision, and vN , the normal component of the velocity. For (a) the parameters are ω = 1, R = 0.1,
φ = 0 and l = v0 = 0.01. For (b), the parameters are ω = 3, R = 0.1, φ = 0 and l = v0 = 0.01.Our ﬁrst numerical results concern the circular billiard, already
depicted in Fig. 1. We consider its radius as a function of time,
R(t) = R0 + R cos(ωt + φ), (10)
where R0, R ,ω and φ are positive constants such that R0 > R . To
study the evolution of the velocity as a function of the number of
collision suffered, we make an average over an ensemble of parti-
cles with different initial conditions. We started with 103 particles
in a relativistic circular billiard with R0 = ω = 1 and with values
of φ equally spaced over [0,2π).
In Fig. 2 we show the average velocity for R0 = ω = 1, R =
v0 = 0.01 and R0 = ω = 1, R = v0 = 0.05, v0 is the particle’s
initial velocity and a maximum of 5×103 collisions. Clearly the ve-
locity soon saturates, indicating the absence of Fermi Acceleration
at these parameters. We tested other initial conditions. Keeping
R0 = 1, we used ω = 1 and ω = 2 and varied v0 from 0.1 to 0.9
in steps of 0.1 and also v0 = 0.99. For all these values, the results
are qualitative similar to Fig. 2.
In Fig. 3, we have a single run for the relativistic circular bil-
liard with parameters R0 = 1, ω = 3, v0 = 0.01, θ0 = α0 = 0, t0 = 0
and θ0 = 0, α0 = 0.3, t0 = 0. The situation is very different from
Fig. 2, quickly the velocity approaches the speed of light. We can
understand the differences between Figs. 2 and 3 by looking at
conditions (9). They say that if the conditions are met, there are
constants E0 and δ0 such that if the initial energy E > E0 and the
initial time t satisﬁes |t − t0| < δ0, for the diametrically orbit, there
will be unbounded gain of energy. But it is not known the value of
E0 or δ0. We believe that for some combination of parameters (as
used in Fig. 2) the relativistic circular billiard does not display un-
bounded gain of energy because E0 is very high, and the systems
acts as if it has no FA, while for the parameters used in Fig. 3, E0
is low enough for almost all initial conditions display FA.
We have the remarkable fact that the unbounded energy grow
is not conﬁned to diametrically orbits, as we show with an exam-
ple in Fig. 3 for α0 = 0.3. For non-diametrically orbits, the velocity
oscillates before coming very close to 1. It is worth to mention
that the velocity reaches near 1 extremely fast, in less than 10
collisions. Also, in order to display Fermi Acceleration, the wall ve-
locity is quite large. In the system depicted in Fig. 3, the wall speed
is 30% of the speed of light (compared to 5% or 1% in Fig. 2).
Figs. 4(a) and 4(b) show slices of the phase space for the rel-
ativistic circular billiard in the variables t (mod 2π) and vN , the
time of collision and the normal component of the velocity respec-
tively. As we have conservation of angular momentum, we can use






R(t = 0)v0Fig. 5. Annular billiard. The particle is free to move in the area bounded by the two
circles.
Fig. 6. Average velocity as a function of the number of collisions for the relativis-
tic concentric (d = 0) annular billiard with ω = 1 and radius r0 = 0.5 and R0 = 1,
i.e., the integrable case. For the upper, middle, and bottom curves we used the pa-
rameters R = r = 0.1, v0 = 0.1, R = r = 0.02, v0 = 0.01 and R = r = 0.005,
v0 = 0.001 respectively.
In Fig. 4(a), the parameters are ω = 1, R = 0.1, φ = 0 and l = v0 =
0.01 and for Fig. 4(b), ω = 3, R = 0.1, φ = 0 and l = v0 = 0.01.
For Fig. 4(a) we have that for high values of vN the phase space
is populated by invariant curves, blocking the existence of Fermi
Acceleration. Fig. 4(b), however, presents what can be described as
attractors towards the value vN = 1, in accordance with the results
above.
R.S. Pinto, P.S. Letelier / Physics Letters A 375 (2011) 3273–3278 3277Fig. 7. Slice of the phase space in the variables t (mod 2π), the time of collision, and vN , the normal component of the velocity. For (a) the parameters are r = 0.5, ω = 1,
R = r = 0.1, φ = ϕ = 0 and l = v0 = 0.1. For (b), the parameters are ω = 3, R = r = 0.1, φ = ϕ = 0 and l = v0 = 0.01.The annular billiard, see Fig. 5, is composed of two circles, the
outer one with radius given by Eq. (10) and the inner one with
radius,
r(t) = r0 + r cos(ωt + ϕ), (12)
where r0, r,ω and ϕ are positive constants such that r0 > r and
R0 − R > r0 + r . The particle is kept in the region between the
two circles. The inner one can be displaced by a distance d along
the x axis, originating two different dynamics, that in the Newto-
nian case are: regular when the two circles are concentric (d = 0)
and chaotic for d = 0.
The numerical evaluation of the relativistic map for the annular
billiard is not simple as the circular one. We need to be able to de-
tect what kind of collision we will encounter. For example, starting
in the outer wall the particle may have three options depending on
initial conditions, collide again with the outer wall without leaving
the collision zone, deﬁned by the radius r, R − R < r < R + R ,
or it escape the collision zone, pass trough the interior of the
billiard and hit the inner or outer wall. All this possible routes
depend on the existence of roots of nonpolynomial equations (of
kind Fi(x + vxt, y + v yt, t) = 0, where Fi determines one of the
boundaries) satisfying some criteria. For our numerical exploration
on the annular billiard we have used the algorithm employed in
[2] for the Newtonian annular billiard. This can be used in the
special relativistic case as the movement between the bounces is a
straight line with constant velocity, the only difference consists in
momentum change in the collisions.
In Fig. 6 we show the average velocity up to 5 × 104 collisions
for three different initial velocities and radius varying parameters
for the relativistic annular billiard in the concentric case, with
r0 = 0.5, and R0 = ω = 1 for an ensemble of 500 particles with
ϕ and φ equally spaced over [0,2π). For the upper, middle, and
bottom curves we used the parameters R = r = 0.1, v0 = 0.1,
R = r = 0.02, v0 = 0.01 and R = r = 0.005, v0 = 0.001 respec-
tively (where v0 is the particle’s initial velocity). The overall aspect
of these curves is the same as in the Newtonian case.
In the same way as for the relativistic circular billiard, in
Figs. 7(a) and 7(b) we plot slices of the phase space for the concen-
tric annular billiard in the variables t (mod 2π) and vN , the time
of collision and the normal component of the velocity respectively.
For Fig. 7(a) the parameters are r = 0.5, ω = 1, R = r = 0.1,
φ = ϕ = 0 and l = v0 = 0.1 and for Fig. 7(b) ω = 3, R = r = 0.1,
φ = ϕ = 0 and l = v0 = 0.01. Both cases contain invariant curves
for high enough values of vN , not allowing unbounded gain of en-
ergy.
The non-existence of FA in the concentric annular billiard stud-
ied above can be understood from conditions (9), as for the param-
eters chosen, we cannot have the ﬁrst condition of (9) satisﬁed.
However, if we choose a new set of parameters, R0 = 1.1, r0 = 0.1,Fig. 8. The velocity as a function of the collision number from a single run for the
relativistic concentric annular billiard with R0 = 1.1, r0 = 0.1, ω = 3.0, v0 = 0.1
and R = r = 0.1. Initial conditions are θ0 = α0 = 0, t0 = 0 (full line) and θ0 = 0,
α0 = 0.4, t0 = 0 (dashed line).
ω = 3.0, R = r = 0.1 and v0 = 0.1, all the conditions (9) are sat-
isﬁed and we expect that FA happens. Fig. 8 shows the velocity as
a function of the number of collisions for the concentric annular
billiard with the parameters above (note that we are not display-
ing an ensemble average).
The results are very similar to the circular relativistic billiard.
The velocity quickly approaches the speed of light. For both orbits,
with α = 0 (equivalent to the Relativistic Fermi–Ulam model) and
even to α = 0. Once again we stress that the velocity of the wall
has to be quite large to occur FA.
Figs. 9(a) and 9(b) show the average velocity as a function of
the number of collisions, up to a maximum of 5 × 104, for a
relativistic non-concentric annular billiard. The main parameters
for Fig. 9(a) are, r0 = 0.15, d = 0.65 and R0 = ω = 1, and for
Fig. 9(b), r0 = d = 0.4 and R0 = ω = 1 (we have kept the rela-
tion r + d = 0.8 as in [2] and the same initial velocity, v0 = 0.02).
For these values of r and d the static billiard has a predomi-
nantly chaotic phase space. For Fig. 9(a), the upper, middle and
lower curves correspond to R = r = 0.1, R = r = 0.05 and
R = r = 0.025, respectively, and for Fig. 9(b), the upper, middle
and lower curves correspond R = r = 0.1, R = r = 0.05 and
R = r = 0.025, respectively. The velocities are averaged over an
ensemble of 500 particles, again, with ϕ and φ equally spaced over
[0,2π).
Now the behavior is different from the integrable case. In
the two cases show, we have that the averaged velocity grows
for a much longer time, until being stopped when 〈v(n)〉 ap-
proaches 1, the relativistic speed limit. The ﬁtting of the dashed




〉= 1− α exp(−βnγ ). (13)
3278 R.S. Pinto, P.S. Letelier / Physics Letters A 375 (2011) 3273–3278Fig. 9. (a) Averaged velocity as a function of collisions (n) of an ensemble of par-
ticles in a relativistic annular billiard with an inner radius r0 = 0.15, displacement
d = 0.65 and initial velocity of v0 = 0.02. The upper, middle and lower curves cor-
respond to R = r = 0.1, R = r = 0.05 and R = r = 0.025, respectively. For all
graphics we kept R0 = ω = 1. The dashed curves are the best ﬁt. (b) Averaged veloc-
ity as a function of collisions (n) for an ensemble of particles in a relativistic billiard
with an inner radius r0 = 0.4, displacement d = 0.4 and initial velocity v0 = 0.02.
The upper, middle and lower curves correspond R = r = 0.1, R = r = 0.05 and
R = r = 0.025, respectively. The dashed curves are the best ﬁt.
Table 1
The ﬁrst three columns are data used to compute the six numerical curves pre-
sented in Figs. 9(a) and 9(b). And the last three are the parameters for the equation
〈v(n)〉 = 1− α exp(−βnγ ) used to ﬁt these curves.
r0 d R = r α β γ
0.15 0.65 0.025 0.9396 0.0299 0.4916
0.15 0.65 0.05 0.8710 0.0418 0.5315
0.15 0.65 0.1 0.9566 0.1380 0.4596
0.4 0.4 0.025 0.7770 0.0103 0.5599
0.4 0.4 0.05 0.7448 0.0186 0.5769
0.4 0.4 0.1 0.6378 0.0426 0.5589The parameters α,β and γ for the six dashed curves of Figs. 9(a)
and 9(b), found using the method of least squares, are presented
in Table 1. Although the ﬁt is of a poor quality for small number
of collisions, for n greater than ≈ 100, it describes very well the
numerical curves.
4. Conclusion
In this work we have numerically studied some driven billiard
using the relativistic momentum change during collisions with the
walls. We have shown that the relativistic driven circular and con-
centric annular billiards, both integrable with static walls, depend-
ing on parameters and initial conditions can display Fermi Accel-
eration, and the velocity of the particle can reach asymptotically 1
very quickly. This behavior can be considered a reminiscent from
the relativistic Fermi–Ulam model [10,11] and completely different
from the Newtonian case.
For the annular eccentric billiard (d = 0), chaotic when the
walls are static, the initial velocity grows for a much longer time
than in the concentric case, tending asymptotically to the speed of
light.
We would like to point out that apparently there are two
mechanisms involved in the Fermi Acceleration, as one notes how
quickly the velocity asymptotically reach the speed of light for the
circular and concentric annular billiard compared to the results for
the eccentric annular billiard.
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